Abstract Finding the optimum distribution of material phases in a multi-material structure is a frequent and important problem in structural engineering which involves topology optimization. The Bi-directional Evolutionary Structural Optimization (BESO) method is now a well-known topology optimization method. In this paper an improved soft-kill BESO algorithm is introduced which can handle both single and multiple material distribution problems. A new filtering scheme and a gradual procedure inspired by the continuation approach are used in this algorithm. Capabilities of the proposed method are demonstrated using different examples. It is shown that the proposed method can result in considerable improvements compared to the normal BESO algorithm particularly when solving problems involving very soft material or void phase.
Introduction
In many cases in structural engineering, one needs to find the optimum distribution of one material within a medium filled with other materials. In structural optimization, such problems are translated into topology optimization problems.
The first widely used numerical topology optimization method for continua was introduced by Bendsøe and Kikuchi (1988) and is now commonly known as the homogenization method. Since then, topology optimization area attracted many researchers from different School of Civil Engineering and Surveying, University of Southern Queensland, Toowoomba QLD 4350, Australia E-mail: kazem.ghabraie@usq.edu.au fields. During the last two decades, several new topology optimization methods were introduced, developed and their application in a wide range of physical problems was studied (Deaton and Grandhi 2014) .
The central idea of the homogenization method is to convert the topology optimization problem to a large sizing optimization problem by defining topology as material distribution. Many of the well-known topology optimization methods adopted the material distribution approach. This includes Solid Isotropic Microstructures with Penalization (SIMP) and Bi-directional Evolutionary Structural Optimization (BESO) methods.
In the SIMP method, the design variables (x) are relative densities which continuously vary between x = 1 representing solids and a very small positive number, 0 < x = x min 1, representing voids. The intermediate values (x min < x < 1) of design variables are penalized using a power-law interpolation scheme (Bendsøe 1989) . The BESO method, on the other hand, uses binary design variables with x ∈ {0, 1}. Because of its binary nature no penalization is required in this method.
The BESO method was originally introduced by Querin et al (1998) and Yang et al (1999) as a successor of the Evolutionary Structural Optimization (ESO) method which was proposed by Xie and Steven (1993) . After discretizing the design domain using finite element method, to evolve the structure towards an optimal topology, BESO iteratively introduces new elements to efficient parts of the design domain and removes its inefficient elements.
BESO-type algorithms can be divided into two classes: hard-kill and soft-kill approaches. In single material distribution problems, the hard-kill approach is more common. In this approach the void elements are simply removed from the structure. In the soft-kill approach, on the other hand, the voids are replaced by a weak mate-rial. The soft-kill approach is essentially more suitable for multi-material problems.
Topology optimization methods were originally used for single material/void distribution problems. The first study in two-material distribution problems is published by Thomsen (1992) in which the homogenization method was employed. Sigmund and Torquato (1997) and Bendsøe and Sigmund (1999) extended the power-law material interpolation scheme in the SIMP method to more than two material phases. Later on the Discrete Material Optimization (DMO) method was proposed by Stegmann and Lund (2005) and Lund and Stegmann (2006) which extends the capabilities of the SIMP method to handle any number of possibly anisotropic materials. Apart from homogenization-based methods, different versions of level-set methods have also been introduced to solve multi-phase material distribution problems (see for example Zhou and Wang 2007; Wang and Wang 2004; Wang et al 2015) . For other notable recent works in this area, the reader is referred to the works of Gao and Zhang (2011); Bruyneel (2011) ; Blasques and Stolpe (2012) ; Gao et al (2013) ; Tavakoli and Mohseni (2014) ; Tavakoli (2014) ; Park and Sutradhar (2015) ; Querin et al (2015) .
Since its introduction, the BESO method was continually developed and applied to many different problems (Huang and Xie 2010) . In multi-phase material distribution problems, the earliest application of the ESO method is published by Rispler and Steven (1995) . Despite the apparent simplicity of using soft-kill BESO in two-phase material distribution problems, however, due to the numerical problems that are explained in section 2.5, this method was only recently used to solve these types of problems (see for example Liu et al 2008; Ghabraie 2009; Ghabraie et al 2010a,b; Nguyen et al 2014) . Huang and Xie (2009) extended the BESO method to solve multi-phase material distribution problems. This paper attempts to provide further improvements to the multi-material BESO algorithm proposed by Huang and Xie (2009) . It focuses on proposing approaches to improve BESO results and treat the numerical anomalies which can arise when solving multimaterial topology optimization problems with soft-kill BESO. Noting that single material design problems are special cases of multi-material design problems, the proposed approaches can be used in both single and multiple phase material distribution problems.
According to Sigmund and Petersson (1998) , most topology optimization methods (including SIMP and BESO) are prone to three common numerical instabilities: mesh-dependency, formation of checkerboard patterns, and the local minima problem. Huang and Xie (2007) proposed a filtering scheme for hard-kill BESO which successfully eliminates checkerboard patterns and mesh dependency. This filtering scheme is introduced in section 2.5. Through a simple example in section 2.6, it is shown that this filtering scheme is not directly applicable to soft-kill BESO. A brief review of the treatment proposed by Huang and Xie (2009) for this problem is presented in section 3. Then a new filtering scheme is proposed in section 4 which works well with soft-kill BESO.
Topology optimization problems are generally not convex and have several local minima. Gradient based optimization techniques can be trapped in these local minima and miss the global optimum. As a result one may get different solutions by starting from different initial designs for the same problem. This is usually referred to as the local minima problem.
The so-called continuation approaches are used with the SIMP method to improve the final solutions and reduce their dependency on initial guess designs. These approaches initially solve an artificial convex (or near convex) version of the problem and then gradually change it back to the original problem. In section 5, a continuation approach is introduced which proves to be helpful in improving final solutions and obtaining the same solution for different initial designs in soft-kill BESO. The proposed improved BESO algorithm is tested using a number of examples in section 6.
BESO in multi-material distribution problem

Problem statement
Consider the following material distribution design problem with volume constraint
where f : X n → R is the objective function, V i is the actual volume, andV i is the maximum allowable volume for the i-th material phase in the design domain. n is the number of elements (design variables) and m is the number of material phases.
T is the design variable vector. Using BESO, we can define X = {0, 1, . . . , m − 1} which lists the possible values for any design variable.
Considering a two-material design problem (m = 2), in BESO each element can only have two states (X = {0, 1}). For each element we use one design variable. x e = 0 represents the first material phase for element e and x e = 1 represents the second material phase for this element.
Consider a problem with two isotropic linear elastic material phases. For simplicity assume that the Poisson's ratios of the two material phases are equal. The two moduli of elasticity are E (0) and E (1) . In its simplest form, elastic modulus of each element can be related to its design variable by the following linear interpolation scheme,
Without loss of generality, assume E (1) > E (0) . The element level stiffness matrix K e can be expressed as a function of E e and consequently of x e . The stiffness matrix of the system can be derived by assembling element stiffness matrices as follows
with K g e denoting the global level stiffness matrix of element e. The equilibrium equation can now be written as
in which f and u are nodal load and displacement vectors respectively.
Sensitivity numbers
In the BESO method, the sensitivity number α e is a measure of the effectiveness of changing the material phase of element e on reducing (or increasing in case of maximization) the objective function. Suppose that by changing the design variable value of the e-th element, the vector of design variables changes from x to x e . Based on Taylor series for f in the neighborhood of x e we can obtain the following first-order approximation for the change in f due to changing
The notation ∆ e f represents the effect of imposing a change in element e on the objective function and thus can be used to define the sensitivity number for the e-th element.
For a minimization problem, we can define the vector of sensitivity numbers to match the steepest descent search direction (Ghabraie 2009 ). This gives us the following sensitivity numbers
Minimum compliance design
Mean compliance is the most commonly used objective function in topology design of structures. It can be defined as
Minimum compliance design problem can be stated by setting f = c in eq.
(1). Hereafter we use the mean compliance as the objective function. Differentiating eq. (7), the following set of equations are derived
For the term ∂ K ∂xe , based on eq. (3) and eq. (2) we can write
Using eq. (9) in eq. (8), and noting that all the non-zero elements of K g e are related to the degrees of freedom of element e, we can write
where u e is the displacement vector of element e. Substituting (10) in (6), we obtain
e K e u e , e = 1, . . . , n.
2.4 Switching elements and termination criterion Different algorithms have been proposed to add and remove elements in the BESO method. Traditionally the volume constraint in eq. (1) is not satisfied in initial iterations. This will allow the BESO algorithm to start with a more relaxed version of the problem. In the algorithm introduced by Huang et al (2006) and Huang and Xie (2007) a controlling parameter called evolutionary volume ratio (R v ) gradually pushes the material volumes to their limits. Another parameter, called maximum allowable admission ratio (R a ) limits the maximum amount of materials to be added to prevent sudden changes. Once the required volume is reached, it will be kept constant by switching the same number of elements to and from each material phase. From this point froward, R v has no effect. In examples solved in this paper, the initial designs satisfy the volume constraint in eq. (1). The maximum allowable amount of change in each iteration is limited by a parameter called move limit (η) to prevent sudden changes. This is a special case of the algorithm proposed by Huang et al (2006) with η = R a . As noted before, R v has no effect in this case.
To terminate the BESO procedure, the following convergence criterion can be used
where f [n] denotes the value of the objective function in the n-th iteration, k is the current iteration and τ is an allowable tolerance. s is a predefined number which determines the number of iterations considered in checking convergence. In order to improve the results, in this paper a twostep termination procedure is adopted. A near convergence situation is recognized when τ < ≤ τ . Once this criterion is satisfied, the move limit η is reduced to prevent sudden changes near convergence. Convergence is assumed when ≤ τ .
In all examples solved in this paper, s = 12, τ = 10 −4 , and τ = 10 −6 are used. The move limit η is halved whenever near convergence situation is identified.
Filtering scheme for hard-kill BESO
Huang and Xie (2007) used a Filtering approach in hard-kill BESO to overcome checkerboard patterns and mesh dependency. In this approach firstly nodal sensitivities are derived by averaging sensitivities of the elements connecting to each node as follows
In this equation, E j is the set of elements which are connected to node j and v e denotes the volume of element e. Filtered element sensitivities are then calculated through the following filtering schemê
whereα e is the filtered sensitivity of element e, N is the number of nodes in the design domain, and w ej is a weighting factor. A simple linear weighing factor can be defined as
Here r is the filtering radius and r ej is the distance between the centroid of element e and node j.
Using hard-kill filtering scheme in soft-kill BESO
The above BESO algorithm is used to optimize the material distribution in a short cantilever beam. The design domain, loading, supports and the initial distribution of materials are depicted in Fig. 1 . The elastic moduli of the two material phases are assumed as E (0) = 0.2 and E (1) = 1.0. The move limit is chosen as η = 6 elements which is equivalent to 0.25% of the total number of elements in the design domain (N D ). The volume of the stronger material should not be more than 40% of the whole domain. The remaining parts of the design domain should be filled with the weaker material. The magnitude of the concentrated force is p = 1. Elements are all bi-linear squares with side size of h = 1. All units are consistent. Fig . 2a shows the final topology obtained by applying the above BESO algorithm without using the filtering technique (r = 0). As expected areas with checkerboard patterns are visible in the final topology. Applying the hard-kill filtering scheme with r = 0.05d = 2, one obtains the topology depicted in Fig. 2b . The stiffer material phase is scattered and the topology is not recognizable.
In order to discuss the reason behind the ineffectiveness of the hard-kill filter in this example, consider a one-dimensional truss element with cross sectional area A and length L under a fixed load P . The stiffness of this element is K = EA L where E is the elastic modulus of the material. The sensitivity of the mean compliance with respect to changes in modulus of elasticity is
The sensitivity number α = − ∂ c ∂E is proportional to 1 E 2 and increases when E decreases. In particular when E → 0 we have α → +∞. This is in contradiction with the hard-kill approach in which α = 0 is assumed for E = 0. The BESO routine sorts the elements based on their sensitivity numbers and switches the elements based on their ranking. Hence, what is important in BESO is the ranking of sensitivity numbers, not their numerical values. Without filtering, sensitivity numbers of different material phases will not interfere with each other and (except for checkerboard formation) the algorithm works fine. When filtering is turned on, neighboring elements will affect on each other's sensitivity number. In this case the coefficients (11) give more weight to soft elements in filtering. As a result, instead of the elements surrounded by stiffer material, the ones surrounded by softer material will be more likely to be switched to stiffer material and vice versa.
Using penalization in BESO
To tackle the deficiencies which arise in using BESO in multi-material distribution problems, Huang and Xie (2009) used a material interpolation scheme with penalization in BESO. Following the power-law interpolation scheme used in the SIMP method, Huang and Xie (2009) suggested to replace eq. (2) with
in which p > 1 should be used. Using this interpolation scheme, eq. (11) changes to
Using x e = 0 in the above equation would result in α e = 0. In other words, the soft-kill approach will change to hard-kill where no information is available on sensitivity of weak elements. To remedy this, Huang and Xie (2009) suggested using a very small positive value, 0 < x min 1, to represent weak elements. In an alternative version of this approach, Ghabraie (2009) and Nguyen et al (2014) used the following alternative interpolation scheme suggested by Stolpe and Svanberg (2001) 
in which q > 0 should be used. Based on this interpolation scheme, the sensitivity numbers are calculable from
where x min = 0 can be used without causing problems. Considering sensitivity numbers in eq. (18) and eq. (20), by increasing the penalty factors, sensitivity of weak elements reduces. In this situation, the hard-kill filtering scheme in section 2.5 can work effectively if sufficiently large penalty factors are applied. Fig. 3 shows the solutions to the previous problem using the interpolation scheme in eq. (17) assuming x min = 0.001 with p = 1.2, p = 1.3, and p = 1.5. It can be seen that the checkerboard patterns are eliminated and the final topologies are clear.
In this example, penalty factor values smaller than 1.2 did not completely eliminate the numerical anomalies. For values 1.2 < p < 1.5 the final topology and final value of the objective function depended on the penalty factor, as illustrated in Fig. 3 . For p ≥ 1.5 the solution did not change by further increasing the penalty factor.
Although by using a sufficiently large penalty factor this approach can solve the deficiencies visible in Fig. 2 , using penalization in BESO where no intermediate density is present does not have any physical meaning. Moreover, final topologies obtained in this approach can depend on the penalty factor as illustrated in Fig. 3 . 
Alternative filtering scheme
Instead of using penalization, a different filtering scheme is proposed here to eliminate the numerical anomalies demonstrated in section 2.6. In the new filtering scheme, eq. (13) is replaced by the following equatioñ
By multiplying element sensitivities by their elastic moduli, this scheme cancels the effect of the coefficient 1 Ee in eq. (11). The final topology obtained for the short cantilever beam using this filter and the linear interpolation scheme is illustrated in Fig. 4 . The proposed approach successfully eliminated all checkerboard patterns. Because this filtering scheme works well with linear interpolation scheme, it also eliminates the need for introducing the concept of penalization in BESO.
Gradual BESO (g BESO )
Continuation approaches are used in combination with methods like SIMP to overcome the local minima problem. In these approaches, a near convex version of the problem is solved first and the problem is gradually changed in steps towards the original problem after the previous step is converged. For example, one can start the problem with a penalty factor close to unity and then gradually increase the penalty factor to eliminate intermediate densities.
A similar concept is used here to propose a further improvement to the soft-kill BESO method. In this approach the problem is solved in a number of steps. A near convex sub-problem is initially considered in the first step with all material phases having elastic moduli values very close to the softest material. After solving the sub-problem in each step, the algorithm proceeds to the next step where the elastic moduli of the stiffer materials are gradually increased. This procedure is repeated until the elastic moduli of all material phases reach their required values. For two material phases, such procedure can be expressed as follows
where E s denotes the value of E at step s, and G 0 > 1 and G 1 > 1 are two predefined factors. The G 0 factor should be chosen close to 1 to ensure that the initial sub-problem is near convex. To explain the rationale behind the proposed gradual approach, consider the following two-material compliance minimization problem which is a special case of eq. (1),
BESO solves a discrete version of this problem with X = {0, 1}. The continuous version of this problem, i.e. when X = [0, 1] is equivalent to the variable thickness sheet problem and is convex.
As shown by Ghabraie (2014) , the changes in mean compliance due to changing the design variable of ele-ment e can be expressed as
Using eq. (9) in this equation we obtain
where
Hence,
So if the ratio
E (0) approaches one, we can ignore the higher order terms in eq. (25) and write
In this case, the sensitivity numbers used in BESO approach the sensitivities of the continuous problem. In other words, the discrete problem solved by BESO method approaches the continuous variable thickness sheet problem 1 . In gradual BESO, G 0 defines the ratio
E (0) for the initial sub-problem and thus need to be selected close to one to make the initial sub-problem near convex. Effects of the gradual parameters on final results are studied in section 7.
To demonstrate the application of gBESO , the previous short cantilever beam problem is solved with gradual BESO setting G 0 = 1.0001 and G 1 = 1.25. This means that the procedure starts with E after convergence of each step E (1) is increased by 25% until it reaches the target value of 1. The results obtained by this procedure are illustrated in Fig. 5 and Fig. 6 . Fig. 5 shows the evolution of mean compliance values in this example. The solid line shows the values of the mean compliance at each step calculated based on 1 Another conclusion is that the results of the variable thickness sheet problem will have less elements with intermediate thickness (grey elements) when the maximum and minimum allowed thicknesses are chosen close to each other. See Table 1 Step 1
Step 2 Step 3 E Step 4
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Step 9 (final) E the elastic moduli of materials at that step, i.e. E (1) s is used to calculate the mean compliance at step s. These values are listed above the graph. Because the stiffness of the stiffer material phase is increasing throughout the solution, significant drops are visible when the algorithm proceeds to the next step.
After obtaining displacements by finite element analysis, if mean compliance is calculated based on the target elastic moduli of material phases (here E
(1) = 1), the dashed line is obtained. Convergence of each step is determined based on these values. Topologies at the end of each step (solutions to the sub-problems) are shown in Fig. 6 . In this figure, the lighter shades depict the weak material with E (0) = 0.2 while the darker shades show the stiffer material. The value of the elastic modulus of the stiffer material is noted under the final topology of each step. The final solution is obtained at the end of the 9th step where elastic modulus of the stiffer material reached the target value of E
(1) = 1. In this example the final topology is very similar to the one depicted in Fig. 4 which was obtained without using the gradual stiffening procedure. The final value of the objective function is slightly improved by using the gradual procedure and reduced from 29.760 to 29.623.
In following sections further examples are solved to illustrate the capabilities of the proposed approach and its superiority over the normal BESO algorithm.
Further examples
Simply supported beam
A simply supported beam is considered as another example with the design domain, loading, and supports illustrated in Fig. 7 . A mesh of 120 × 40 bilinear square elements are used to model half of the design domain making use of symmetry. The total volume of the design domain is to be equally shared between two materials. These two materials are considered to have the elastic moduli of E (1) = 1 GPa and E (0) = 0.1 GPa. A filtering radius of r = 3 mm is used to make this example comparable to the one solved by Huang and Xie (2009) . The values of G 0 = G 1 = 2 and η = 0.005N D = 24 elements are adopted in this example. The initial material distribution and the final topology obtained is shown in Fig. 8 with the final objective function value of 4.173 N · mm. This solution is not significantly different from the one reported by Huang and Xie (2009) but provides a slightly smaller value of the objective function. 
Starting from different initial designs
Using the proposed gradual BESO, if G 0 is sufficiently close to 1, it is possible to obtain the same solution from different initial designs. To numerically illustrate this, four different initial designs are selected for the short cantilever beam problem. Results obtained with and without applying the gradual procedure are illustrated in Fig. 9 . In this example, a mesh size of 120×80 with a small filtering radius of r = 0.025d is used (d is the depth of the design domain as shown in Fig. 1 ). Using smaller filtering radius makes the problem more susceptible to local minima. The move limit is chosen as η = 0.0021N D = 20 elements and gradual parameters are similar to the example solved in section 5.
It can be seen that without the gradual procedure, final topologies depend on initial designs. However, by using the proposed gradual procedure, identical final results are obtained for all four initial designs.
The proposed approach is also useful in single material distribution problems. In this case the voids can be modeled by a very soft material with an elastic modulus value significantly smaller than that of the base material. Here, the previous example is solved again with material properties of E (1) = 1 and E (0) = 10 −4 representing voids. G 0 = 1.0001 is adopted again but G 1 is increased to 5 to speed up the solution procedure. All other parameters are similar to the previous example. The results are reported in Fig. 10 .
Without using the gradual procedure, final topologies vary significantly for different initial designs. Using gradual BESO results in identical topologies. These results show that using appropriate parameters, the pro- posed gradual BESO is not sensitive to the initial design in single or in multiple material distribution problems. For comparison and verification, the same problem is solved using SIMP method with p = 3, with and without using continuation approach. In order to let the SIMP method handle these problems, in the initial designs, the voids are represented by x = 0.001 instead of x = 0. The continuation approach starts with a large filtering radius of r 0 = 0.25d and after convergence of each step the filtering radius is halved. A similar termination criterion is employed in the SIMP method to make a valid comparison. Fig. 11 shows the obtained topologies and final values of the objective function in each case. Case 4 c = 42.100 c = 39.821 Fig. 11 The solutions obtained using the SIMP method with and without the continuation approach for different initial designs. In all cases penalty factor of p = 3 is used.
As expected the SIMP method, like the normal BESO method, is prone to the local minima problem. Using the continuation approach rectifies this problem. The solutions obtained via the continuation approach match well with the result of gradual BESO.
Sensing unused supports
In problems with a void phase (or an extremely soft material compared to other materials), if a support (or a separated solid area) is surrounded by a large area of void elements, the normal BESO method may not be able to "sense" that support (or solid area). This behavior was first demonstrated by Zhou and Rozvany (2001) . The proposed gradual BESO algorithm can fix this deficiency. To demonstrate this a simple example with the initial design illustrated in Fig. 12 is considered. The design domain is discretized using a mesh of 100 × 100 bilinear square elements. 25% of this domain is to be filled with a material with elastic modulus of E
(1) = 1 while the voids are modeled using E (0) = 10 −4 . A filtering radius of r = 5h is used where h = 1 is the size of the elements. The units are all consistent. The results obtained with and without using the gradual procedure are reported in Fig. 12 . Here a move limit of η = 0.001N D = 10 elements is used and the gradual parameters are selected as G 0 = 1.01 and G 1 = 2. It can be seen that without using the gradual procedure the algorithm is not capable of making use of the roller support resulting in a solution with c = 38.88. Using the gradual BESO procedure, the final value of the objective function is reduced by about 98% to c = 19.67.
More than two material phases
The approach proposed for two materials can be easily extended to problems with more material phases. The linear interpolation scheme can be extended to the following form
which maps E e to E (0) , E (1) , . . . , E (m−1) respectively for x e = 0, 1, . . . , m − 1. Based on this interpolation scheme, sensitivity numbers for the compliance minimization problem take the form
In each iteration, the switching procedure will be completed in an internal loop over the material phases. In iteration i (i = 1, . . . , m − 1) of this internal loop, elements are only switched between material phases i and i − 1. Before switching, sensitivity numbers will be filtered using the new filtering scheme introduced in section 4.
This approach is tried on the short cantilever beam with three material phases. The three phases have the elastic moduli of E (0) = 0.2, E (1) = 0.5, and E (2) = 1. The maximum allowable volume for material phases arē V 1 =V 2 = 0.2V T where V T is the total volume of the design domain. The initial design is shown in Fig. 13 . A 120 × 80 mesh is used with the filtering radius of r = 2h where h is the size of elements. The move limit for switching between any pair of material phases is selected as η = 10 elements equivalent to 0.1% of the total number of elements in the design domain.
In order to check the evolution of the objective function values, the problem is initially solved without using the gradual procedure. The results are illustrated in Fig. 13 . As shown in this figure, the mean compliance monotonically decreases and converges at c = 40.142.
The problem is also solved using the proposed gradual BESO. To apply the gradual stiffening procedure in multi-phase material problems, the highest elastic modulus E (m−1) is taken as the reference and step values of elastic moduli of other material phases are interpolated at each step. Hence, eq. (22) is expanded to the following
In this example, G 0 = 1.0001 and G 1 = 1.5 are adopted. The final topology obtained via gradual BESO is shown in Fig. 13 . The final value of the mean compliance in this case is c = 40.063 which shows a slight improvement compared to the solution obtained without using the gradual approach.
To further demonstrate the capabilities of the proposed approach in handling multiple material phases, the short cantilever beam problem is solved with five material phases. The initial design is shown in Fig. 14 . The elastic moduli of the five phases are assumed to be E (0) = 10 −4 , E (1) = 10 −3 , E (2) = 10 −2 , E (3) = 10 −1 , and E (4) = 1. All material phases should occupy 20% of the design domain.
Gradual BESO is used with G 0 = 1.0001 and G 1 = 5. Other parameters are the same as the previous 3-material problem. The final value of the mean compliance is c = 67.368. The initial design and step topologies are depicted in Fig. 14 .
Three other initial designs are also considered for this short cantilever beam. As shown in Fig. 15 , gradual BESO yields the exact same result for all these initial designs.
6.5 More than one material phases and voids Considering a very soft material to represent voids, the proposed method can be used to solve problems in which more than one material phases are to be distributed among voids in the design domain. The first example considered is the simply supported beam shown in Fig. 7 . Two materials with E (2) = 1 GPa and E 0.1 GPa are to be used to fill 15% and 25% of the design domain volume respectively. The rest 60% of the design domain should be filled with a very soft material with E (0) = 10 kPa representing voids. Filtering radius is r = 3 mm. All algorithmic parameters are selected similar to the example shown in Fig. 8 (η = 0.005N D = 24 elements, G 0 = G 1 = 2).
The initial design and the final solution obtained using the gradual BESO procedure are illustrated in Fig. 16 . The obtained topology is simpler and the objective function is almost 7% lower than the one reported by Huang and Xie (2009) Another simply supported structure is considered with the design domain depicted in Fig. 17 . The dimensions are l = 6 m and P = 15 kN. Due to symmetry only half of the domain is modeled using a 240 × 240 mesh. Two examples are solved on this design domain, one with two materials and voids and the other one with three materials and voids. The adopted parameters in both examples are r = 0.1 m, η = 120, G 0 = 1.05 and G 1 = 10.
In the first of these examples, two materials with E
(1) = 100 GPa and E (2) = 200 GPA are distributed in the design domain filling 20% and 10% of its volume respectively. The rest 70% is occupied by a very soft material with E (0) = 100 kPa representing voids. The initial design and the obtained solution are shown in Fig. 18 .
In the three material design, like the two material one the voids are represented by E (0) = 100 kPa. The void (E (0) = 100 kPa) material 1 (E (1) = 100 GPa) material 2 (E (2) = 200 GPa) Fig. 18 The initial design and the final solution obtained for the Michell-like structure ( Fig. 17) with two materials and voids.
three material phases have E (1) = 50 GPa, E (2) = 100 GPA and E (3) = 200 GPA all of which limited to filling 10% of the design domain. The initial design and the obtained solution are shown in Fig. 19 . The results shown in Fig. 18 and Fig. 19 are comparable with solutions provided by Wang and Wang (2004) .
The effects of gradual parameters
In this section we study the effects of the move limit η and the gradual parameters G 0 and G 1 on the performance of the proposed gBESO approach. The problem depicted in Fig. 12 is considered in this part due to its particular nature.
The move limit (η) defines the maximum number of elements which can be switched in each iteration. One would generally expect that the lower the move limit, the better the solution. Results obtained for various values of the move limit are shown in Fig. 20 . The gradual void (E (0) = 100 kPa) material 1 (E (1) = 50 GPa) material 2 (E (2) = 100 GPa) material 3 (E (3) = 200 GPa) Fig. 19 The initial design and the final solution obtained for the Michell-like structure ( Fig. 17 ) with three materials and voids.
parameters are G 0 = 1.01 and G 1 = 2. As expected increasing the move limit increases the final value of the objective function. 1 Fig. 20 The effect of changing move limit (η) on final solutions of the problem shown in Fig. 12 .
The gradual parameter G 1 defines how fast the materials' elastic moduli would approach their final values. In other words, the number of steps required to complete the gradual procedure can be controlled by G 1 . Choosing smaller values for G 1 can result in more iterations but it causes smoother transition between the sub-problems and hence better solutions are generally expected.
To study the effect of G 1 on final solutions, the move limit is fixed at η = 10 and G 0 = 1.01 is chosen. The problem is solved with different values of G 1 . Fig. 21 summarizes the results. Although some random oscillation are observable, as expected, increasing G 1 can significantly increase the final value of the objective function. A number of different final topologies obtained in this test are depicted in Fig. 21 . It is interesting to note the big jumps around G 1 = 4 and G 1 = 7000. The solutions with G 1 < 4 effectively used both supports. With 4 ≤ G 1 ≤ 7000 only the roller support at top right corner of the design domain (see Fig. 12 ) is used. Looking at the solution of the first sub-problem (Fig. 22d) and comparing it to the topologies shown in Fig. 21 , one can see that for large values of G 1 , it seems that the final solutions were trapped in the local minima close to Fig. 22d . The small number of steps and big jumps between the material properties used in the sub-problems prevent the algorithm from finding better solutions.
Another interesting point to note is that despite the variety, all the solutions in Fig. 21 are better than the normal BESO solution for this problem (see Fig. 12 ). This is due to the suitable G 0 value which is chosen close to one in this case.
Regarding the gradual parameter G 0 , as explained before, this value should be chosen close to one to make the initial sub-problem near convex. In section 5, it was mentioned that for G 0 values close to one, the solution of the first gBESO sub-problem would be close to the continuous version of the same problem (variable thickness sheet). This is demonstrated in Fig. 22 and Table 1 . It can be seen in Fig. 22 and Table 1 that BESO solutions are similar to those of variable thickness sheet problem when E (1) E (0) is close to one. As this ratio grows solutions of the two problem deviate from each other. Hence, if G 0 value is not chosen small enough, the gBESO procedure might not be effective.
To further study the effect of G 0 value on final solutions, different G 0 values are tested with η = 10 and G 1 = 2. The results are summarized in Fig. 23 . It can be seen that lower values of G 0 are advisable to ensure better solutions. Although in this case 15 ≤ G 0 ≤ 18 also resulted in good solutions for this problem, there is no guarantee that this behavior happens with other problems. For G 0 = 10000, we have E (1) 1 = E
(1) and the gradual BESO will behave exactly like normal BESO.
It should be noted that although in all the examples shown here, the proposed gradual BESO yields better solution than normal BESO, this is not necessarily always the case. If one starts a problem with an initial design very close to the optimal solution, it is possible 
E (0) = 10 that normal BESO converges to a better solution than gradual BESO, because the latter will possibly move away from the initial design when solving its first subproblem. However, in general it is expected that gradual BESO converges to better solutions in compare to normal BESO as demonstrated in this paper.
Conclusion
The soft-kill BESO method has been improved and applied to single and multi-phase material distribution problems. Instead of using a penalty factor, a new filtering scheme is proposed for the soft-kill BESO method to eliminate numerical anomalies which arise in multiple material distribution problems. A continuation approach by gradual stiffening of materials is also introduced to improve the results of soft-kill BESO. The algorithm is extended to any number of material phases.
Capabilities of the proposed approach are tested through a number of examples. It is demonstrated that the proposed gradual BESO approach is capable of handling problems with several material phases and is not sensitive to initial designs. It is also illustrated that unlike the traditional hard-kill BESO method, the proposed method is capable of making use of redundant supports and recovering broken links. 
